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A powerful theorem and construction of Lewis are used to construct three homeomorphisms 
on pseudoarcs, each of which admits wandering points. The first example has one attracting fixed 
point, one repelling fixed point, and all other points wander; the second has exactly one nonwander- 
ing point and all other points wander and have homoclinic orbits; and the third has a nonwandering 
set which separates the space. Also explored are how a pseudoarc homeomorphism that admits 
wandering points can sometimes induce a pseudoarc homeomorphism that (1) does not admit 
any wandering points, or (2) admits a dense open set of wandering points; how a pseudoarc can 
be turned inside-out; and what the existence of a homeomorphism that admits wandering points 
means for the homeomorphism group of a homogeneous continuum. 
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1. Introduction 
A continuum is a compact connected metric space. A continuum X is homogeneous 
if for x, y E X, there is a space homeomorphism h such that h(x) = y. A continuum 
is chainable if for each E > 0 there is a chain C = { C,, . . . , C,,} of open sets of 
diameter less than .s that covers X. C is a chain means that Ci n C’ # 0 iff 1 i -jl G 1. 
A pseudoarc, which is a nonseparating plane continuum, can be characterized as a 
homogeneous chainable continuum. Pseudoarcs, although arclike, contain no con- 
tinuous nontrivial images of arcs, and, in fact, every nondegenerate subcontinuum 
of a pseudoarc is itself a pseudoarc. Another extraordinary fact about this continuum 
is that most continua (in the sense that they form a dense G,-set in the space of all 
continua (Vietoris topology)) in the plane are pseudoarcs. The dynamics of this 
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continuum are turning out to be rather extraordinary, too, and as part of a continuing 
exploration of the dynamics of the pseudoarc, homeomorphisms that admit wander- 
ing points are considered. In a recent paper the author demonstrated the existence 
of a transitive homeomorphism on the psuedoarc that is semiconjugate to the tent 
map on the unit interval [9]. Somewhat surprisingly, it was also found that a 
homeomorphism semiconjugate to the tent map may admit wandering points. 
Three examples of homeomorphisms that admit wandering points are constructed. 
The main result here is the following: There exists a homeomorphism h on the 
pseudoarc P such that (1) h admits exactly one fixed point p, (2) if q # p, g E P, 
then limida h’(q)=p=lim,,,? h-‘(q), and (3) each q # p in P is a wandering point 
for h. This answers in the affirmative a question of Barge as to whether homeomorph- 
isms on the pseudoarc with homoclinic points exist. Later in the paper homeomorph- 
isms that admit wandering points are used to induce other homeomorphisms on 
the pseudoarc and to obtain more information about the pseudoarc. For more 
background in topological dynamics, we refer the reader to the references [ 1, 2, 6, 
7, 13, 141. For more background on the pseudoarc and indecomposable continua, 
see [l, 3, 5, 8-121. 
Again, our main tool is a theorem of Lewis [ 111, which is stated below, and again, 
Lewis’ theorem will not be used directly. Instead we will go into his construction 
and modify as needed to achieve our ends. 
Theorem 1.1. Iff: X + X is a map of the chainable continuum X into itself, there exist 
a homeomorphism h : P+ P of the pseudoarc into itself and a continuous surjection 
C$ : P+ X such that f#r = 4h. (If f is onto, the homeomorphism may be taken to be 
onto, and the map 4 may be taken to be onto.) 
If X is a compact metric space and T: X +X is continuous, then a point x E X 
is a wanderingpoint for T if there is an open set u in X such that x E u and {T-“(u) 1 n 
is a nonnegative integer} is a disjoint collection of open sets. Let 0(T) = {x E X 1 x 
is not a wandering point for T}. Then 0(T) is a closed subset of X and its 
complement, the set of wandering points of X, is open in X. 
If X is a compact metric space and T: X + X is a space homeomorphism, then 
T is topoZogically transitive if there is some x E X such that {T”(x) 1 n is an integer} 
is dense in X. A space homeomorphism T: X + X is expansive if there is a metric 
d on X, which is compatible with its topology, and a number 6 > 0 such that if 
x # y in X, then there is an integer n such that d( T”(x), T”(y)) > 6. (Expansiveness 
is independent of the metric d, as long as this metric is compatible, but the expansive 
constant 6 does change.) (This terminology, and notation, is from Walters’ book 
[ 141, which also contains more information on these ideas, for the interested reader.) 
For us, P will denote a pseudoarc, I = [0, 11, Z is the integers, and N is the positive 
integers. If X is a compact metric space, H(X) denotes its group of self homeo- 
morphisms. All spaces are compact metric spaces. 
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We will say that a point p in X is an attracting point for f~ H(X) if f(p) =p 
and there is an open set u containing p such that nr=:=, f”(u) = {p} and f(u) G u. 
Likewise, p is a repelling point for f if p is an attracting point for f -'. 
A point p in X is a homoclinic point for h E H(X) if there is a point g in X such 
that lim,,, h-“(p) = g and lim,,, h”(p) = g. A point such as p above (under 
backward iterates it goes to g and under forward iterates it goes to g, but g # p) 
has a homoclinic orbit. 
A map f: X + Y is said to be monotone if for each y E Y, f-'(y) is a continuum. 
A background theorem we will need is the following classical, important result 
of Bing [4]: 
Theorem 1.2. Zf M is a pseudoarc and G is a nondegenerate upper semicontinuous 
collection of disjoint proper subcontinua of M jilling M, the resulting decomposition 
space M/G is topologically equivalent to M. 
Also, we will need the following facts, which are surely known. The proofs are 
straightforward and will be omitted. 
Lemma 1.3. If P is a pseudoarc, h E H(P), and G is a nondegenerate upper semicon- 
tinuous collection of disjoint proper subcontinua of P$lling P such that if A E G, then 
h(A) E G, then P/G is homeomorphic to P and h E H( P/ G) where 6 is the homeo- 
morphism on P/G induced by h (i.e., h(A) = h(A) for A E G). 
Lemma 1.4. Iff: Y+ Y, h:X+X, andO:X + Y are continuous maps, and Oh = f0, 
then if p E X such that O(p) = x is a wandering point forJ; then p is a wandering point 
for h. 
The basis for the three examples that follow is Lewis’ theorem applied to the map 
f E H(Z) defined by f(x) = x2. First is needed the expression of this interval homeo- 
morphism in terms of chains, and then the basic construction of the semiconjugate 
homeomorphism in a pseudoarc. Later we can modify this construction as we need 
to get our examples. Also, we need some definitions and notation. 
Achain C={C,,..., C,,} is taut whenever C, n CY, # 0 if and only if C, n Cj # 0. 
A chain covers a set A essentially if there is a continuum Q contained in A such 
that each link contains a point of Q not in any other link. An open set o in a space 
X is regular if Int 6 = o. In the discussion that follows we will assume that our open 
chain covers are regular, taut, and essential. 
If B is a collection of sets, then B* denotes the union of the sets in B. If C is a 
collection of sets, then C is an amalgamation of B if B* = C* and each set in C is 
the union of some sets in B. If the closure of each set in B is a subset of a set in 
C, then B is said to closure refine C. 
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If C={Co,..., C,,} is an open chain in a space X (which does not necessarily 
cover X), then for c E C, 
i(c,C)={y~c~y~~‘for c’EC-{c}}. 
If m, ~EFU, m<n, let [m,n]={m,m+l,..., n}. A function f: [m’, n’] + [m, n] 
is called a (light) pattern provided ]f( i + 1) -f( i)l G 1 (]f( i + 1) -f(i)] = 1, respec- 
tively) for i = m’, . . . , n’ - 1. (The symbol --w indicates that f is an onto function.) 
If V= { V,,,., V,,,,, . . . , V,,,} and U = {U,,,, U,,,+r, . . . , U,,} are chain covers of the 
compacturn X, and f: [m’, n’] + [m, n] is a pattern, we will say that Vfollows the 
pattern f in U provided Vi E Ufcij for each i E [m’, n’]. We call f a pattern on U. 
We will make the following notational conventions: chains will be denoted with 
uppercase letters, and possibly additional symbols, and links of chains with the 
associated lowercase letters, associated symbols, and link numbers. So, for example, 
c,-{c(l,O),. ..) 41, ml)= CD4 ml; 
d,-(d(2, k), . . ,d”(2, I)}=&[k, 11; 
F-U(l),. . .,f(n)>=Lf,, . . .,.Ll=F[L nl. 
If A and B are collections of sets, then An B = {a n b I a E A, b E B}. 
2. f(x) = x2, XE [0, 11, in terms of chains 
For convenience, we use closed chains, rather than open ones. For is 1, let 
c, ={[p/2Y, (p+1)/2q]lq =2’, OSp<2”}= ci[o,2q-l], 
A; = {[~/2~‘, (p-t 1)/2“‘] Iq’=2i-1, Osp ~2~‘) = Ai[O, 2y’- 11, 
B; = {[~*/2~, (p+ 1)2/2q]lq =2’= (q’)*, O~p<2~‘} = Bi[O, 24’- 11. 
For i 2 1 define the pattern (Y, : [0,2’ - l] + [0,2”- 11, q = 2’, q’ = 2’-‘, by ai = m 
where 0 G p < 2q, m is the unique integer in [0, 2q’) such that m(2”‘) d p < (m + 1)2”. 
Define the pattern pi : [0, 2q - l] + [0, 2q’- 11, q = 2’, q’= 2”, by p,(p) = m where 
0 G p < 2y, m is the unique integer in [0, 2q’- l] such that m* s p < (m + 1)2. Then 
for i> 1, C, follows /3, in Bi and Ci follows (Y~ in A,. Also, A,+, follows (Y; in A,, 
B,+, follows czi in B;, and C,,, follows aitl in C,. If x E [0, 11, there is an infinite 
sequencej(x, l),j(x, 2), . . . of integers such that x E n:=“=, a(i, j(x, i)) and ai(j(x, i-t 
1)) =j(x, i) for each i. Define f(x) = n:=, b(i, j(x, i)), so that f(x) =x2. 
Note that B,,, is in a sense CT, and let CT= Bi+, = A;+,,. Similarly, let 
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and let 
c;={[(p/2q)4, ((p+ 1)/24)4]1q = 2’, o=Sp <24}. 
Define d, = C,‘/” n C, n CT and 2, = C, n Cf n Cy. 
3. Lifting f to a homeomorphism h on a pseudoarc P 
This is largely Lewis’ construction [ll]. Again we will sacrifice some of the 
efficiency of his proof for the convenience of actually being able to construct the 
homeomorphism we desire so that we can later modify that construction. We even 
use, as much as possible, Lewis’ notation. 
Choose the open taut chain P, in the plane so that fi, = F,[O a,] 
A 1 * *’ * 
and fi, corre- 
sponds to A, = A,[O, a,]. Then choose E, so that ,!?F = FT and E, = E,[O, a,] corre- 
sponds to 6, = g,[O, a,]. Further choose g,, fi, so that A, n l?, follows the same 
patterns in a, and g,, respectively, that F, n l?, follows in k‘, and l?, , and so that 
these patterns are the only ones that fi, n I?‘, follows in fi, and i?, . Amalgamate fi, 
,. 
and E, to form four chains. 
(1) First form F, from g‘, by amalgamating P, so that fi, follows p, in F, , where 
a, follows p, in A2 = C, . 
(2) Then form l?, from J?‘, by amalgamating g, so that 8, follows p, in J?,, as 
does 6, in B2 = Cf. 
(3) Form D, by amalgamating F, so that F, follows p, in D,. 
(4) Form E, by amalgamating .!?, so that i, follows /3, in E,. 
Let p, n g’, = k, = k,[O, b,]. Choose a chain G, with the following properties. 
(5) 6, = G,[O, Z,] refines and is crooked in F,. 
(6) 6, follows the pattern ;i, in @‘, with 6, light. 
(7) ~Tni(~(l,O),F,)#0and~::ni(~(l,b,),F,)#0. 
(8) If M, is an arc which is a nerve for G, , 6:: G D2-d(M,). 
(9) If j, p,, jn 6:: is a union of links of 6,. 
Choose a chain fi, so that 
(10) fi, = [0, ;i,] follows ij, in 8, (which follows p, in _J?‘, , which in turn follows 
Pi in Ei); 
(11) fiTni(f(l,O),i,)#@and ~~ni(~(l,b,),~,)#@; 
(12) if &?E_E,, e^n 6r is a union of links of fi,; and 
(13) ET&d?. 
Amalgamate G, to form the chain G, so that G, follows the light pattern 7, in 
F,, and amalgamate fi, to form the chain H, so that H, follows the light pattern 
r), in E,. Note that G, and I?, both follow the same pattern o, in G, and H,, 
respectively. 
Now it is time to choose fi? = ?JO, a,] and g, = &[O, a*]. Again, these chains 
correspond to a, and g2, respectively. If this is done carefully, it can be done so 
that a,n 6, follows the same patterns in A, and 6, that fi2n g’, follows in g2 and 
& respectively, and that these patterns are unique. This must be done carefully: 
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once the break corresponding to (2/ 16)2 is chosen, say, it is present in all sequences 
of chains in some sense whether it actually corresponds to a link boundary in a 
given chain or not. There is a weak sort of ordering corresponding to the ordering 
on the interval which must be preserved at all times. And when the break correspond- 
ing to (2/16)2 is chosen, so then must be the break corresponding to 2/16, so that 
the links of G, and H, in which these respective breaks occur are broken in the 
same way. (This will enable us to get the commuting diagram later.) Further, choose 
fi2 and g2 so that 
(14) g2 follows some (Y2 in P, and g, follows G2 in g,; 
(15) fi2 closure refines E, and I!?~ closure refines 8, ; and 
(16) @c Hf and 8,” = Ef. 
Amalgamate F2 to form F2, amalgamate 8, to form I?2 and then form E2 and D, 
as follows: 
(17) fi2 follows p2 in F,, where A, follows p2 in C,. 
(18) g2 follows p2 in E2, where g2 follows p2 in B3 = C:. 
(19) F2 follows p2 in D2. 
(20) g2 follows p2 in E2. 
Now the collections H, n 8, and G, n fi2 are related in a very nice way, and in 
fact, if we have been careful in our choices, will actually be chains. There is then 
a chain fi2 in Hf n @ such that 
(21) I?2 = fi2[0, i,] closure refines and is very crooked in H, ; 
(22) z?; E fi,*; 
(23) fi2 follows some light pattern Tj2 in 8, ; 
(24) fi2 follows some pattern jr in H,; 
(25) if M2 is an arc which is a nerve for fi2, fi; G D2-5( M,); 
(26) if ebb i2, e^n fif is a union of links of fi2; and 
(27) Z?;rT n i(f(2,0), g2) # fl and fiz n i(f(2, b,), i2) # 0, where F2 = s2 n g2 = 
F2w, 621. 
Then it is possible to choose a chain G2 so that 
(28) 6, = G,[O, i,] refines G, and fi2 ; 
(29) 6, follows rj2 in fi2 and {r in G1; 
(30) G,* n i(T(2, 0):k2) # 0 and 6; n i(f(2, b,), F2) # 0; 
(31) if_?E~2,~nG~isaunionoflinksofG2;and 
(32) & c fi,*. 
Amalgamate G, and fi2 forming the chains G2 and H,, respectively, so that 
G2(H2) follows the light pattern 7, in F2(E2). Also, now G,(H,) follows some 5, 
in G,(H,). 
Having G2, we now choose $3 = 4[0, a,] and 8, = &[O, a,] (and thus determine 
&, F3, &, D, and E3), and then consider G, n fi3, H2 n 8, and find G3, etc. 
Continue this process, constructing the sequences of chains G, , G,, . . . and H, , 
Hz,... such that 
(33) G, follows 7; in F,, Gi+, follows crooked ti in G; and ni[i = ai+rnl+r; 
(34) Hi follows /3ini in Ei, Hi+, follows ei in Hi and pinib = Lu@t+1na+l; 
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(37) lim, mesh Gi = limi mesh Hi = 0. 
If P =ny=, GT = n:, HF, P is a pseudoarc and we can define h E H(P) by 
h(x) =nr=, h(i, j(x, i)) where j(x, l),j(x, 2), . . . is an infinite sequence of integers 
such that 
(38) x E g(i, j(x, i)) for each i, and 
(39) [;(j(x, i+ 1)) =j(x, i). 
Define 0 : P+ I by e(x) = n:, c(i, Ti(j(Xy i))). 
It should be clear that h is indeed a homeomorphism and that 0 is a continuous 
surjection. (Chain-pattern constructions are the standard way of building continuous 
maps on the pseudoarc.) 
We need to check that it is indeed the case that f3h =f0, especially since our 
construction fails to have one property that Lewis’ has: the chain E,+, that we have 
constructed will not refine Fi, and thus E,,, cannot follow a pattern Si in Fi. This 
property is needed to make sure that Bh =ftl However, even though Ei+, does not 
refine Fi, _i$ refines Fi, and this will be enough. 
For XE P, there is an infinite sequence k(x, l), k(x, 2), . . . such that 
(40) x E h( i, k(x, i)) for each i, and 
(41) &(k(x, i+ 1)) = k(x, i). 
Define 6: P + I by 6(x) = n:=, b( i + 1, n,(k(x, i))). Then g is a continuous surjec- 
tion and if x E P, we may take k(h(x), i) =j(x, i) (because of the definition of h) 
and ;h(x)=n:, b(i+l, qi(k(h(x)y i)))=ny=, b(i+1, n,(j(x, i))). Also, 
fe(x) =f ?i c(i, n,j(x, i)) =f ?l a(i, ai??ij(x9 4) [ r=, 1 [ ,=I 1 
= ,t b(C aiqJ(x, i)) = F2b(C qi-15t-;j(X, 9) 
= fib( i, vi-,j(x, i - 1)) 
r=2 
since cyirli = TJ_,~~-, . Then e’h =f0. 
If x E P, there is an infinite sequence Z(x, l), Z(x, 2), . . . such that for each i, 
x E e^(i, I(x, i)) and o,(l(x, i-t 1)) = I(x, i) where &+, follows the pattern cii in &, 
ii+, follows a, in &. There is a unique pattern pi that 6; follows in Ci, and l?, 
follows in Fi. Also, piai = (Y,+,P~+, . Then x E e^( i, I(x, i)) sf( i, pi(l(x, i))), and if 
e^(x) = fi fi(i, I(x, i)), 
,=1 
f?(X) = fi c( i, Sj(Xy i)) 
,=I 
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for we may take nj(X, i) = /-LiZ(X, i), due to the fact that ai+,Ti+,j(x, it- 1) = TJ(x, i) 
and ‘Yltrpi+r Z(x, i+ 1) = piZ(x, i). But also, p;o,Z(x, i+ 1) = czi+,p,+,Z(x, i+ 1) = 
pJ(x, i), so we may take pJ(x, i) = v,k(x, i), and 
i(x)=; 6(i, Z(x, i))=fi b(i+l,p,Z(x, i)) 
i=l r=l 
= g(x) = fi b(i+ 1, qik(x, i)). 
r=l 
Then e’= e^ = 0 and 0h = ft?. 






h admits exactly one attracting point p and one repelling point q; 
on(h) = {P, ql and h(p) =P, h(q) = q; 
if xg {p, q}, limih’(x) =p; 
if xE {p, q}, limi h-‘(x) = q; and 
h is semiconjugate to the map f~ H(Z) defined by f(x) = x2. 
Construction. The construction for this h E H(P) is just that of the homeomorphism 
we just built with a couple of extra conditions on our choices of chains for the 
sequences G,, G2,. . . and H,, H,, . . . . Modify as follows: For each i require that 
g(i, 0) be the only link of Gi in f(i, 0) and that h(i, 0) be the only link of Hi in 
e”(i, 0). Also require that g( i, ii,) be the only link of 6, in j(i, a,) and h”(i, i?,) be the 
only link of fij in e^(i, a,). 
Example 3.2. There is a homeomorphism k E H(P) such that 
(1) there is exactly one fixed point pee P for k; 
(2) if x E P, lim,_ h’(x) =p,, and limi+u, h-‘(x) =po; and 
(3) a(h) = {pd. 
Construction. Again we start by adding conditions in our construction of the homeo- 
morphism h semiconjugate to f on I (where f(x) =x2). Modify as follows: 
(1) For i E N, require that g(i, 0) (respectively h(i, 0)) be the only link of G, 
(respectively, Hi) in f( i, 0) (respectively, e’(i, 0)). 
(2) For i E N require that g( i, ni) (h( i, n,)) be in a link of F, contained in f( 1, 1) 
(of Gi contained in e(l, 1)). 
(3) We cannot require that only one link of Gi be contained inf( i, 24 - 1) (q = 2’), 
but we can require that there be exactly one link g(i, a”,) of Gi that intersects 
f(i+ 1, u,+r) and that likewise only the link h( i, a-,) intersects C?(i + 1, a,+,). 
(4) Further, require that no proper subchain of Gi[O, ii] have the property that 
each link of si contains some point of a link of the subchain not in any other link 
of gi. (Because of the patterns involved, a similar property will hold for Hi[O, Gil.) 
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Let h and 19 denote the homeomorphism and the continuous surjection induced. 
Then e-‘( 1) = n;=“=, f( i, a,), and K’(O) = n:=, f( i, 0). Also, if p = 0-‘(O), and q = 
K’(l), p and q are in the same composant of P, and there is a proper subcontinuum 
Q of P containing both p and q and irreducible between p and q. Then h(Q) = Q 
since h(p) =p and h(q) = q. 
Let M={QIu{{ 11 x x E P - Q}. Then M is an upper semicontinuous decomposi- 
tion of P and h preserves M. Thus, h induces a homeomorphism k on P/M (where 
for A E M, k(A) = h(A)). It is easy to check that k is the homeomorphism desired 
and Q=p,,. 
Example 3.3. There is a homeomorphism 1 on P such that P - fI( I) = U u V where 
U and V are nonempty open sets and a U = d V = L?( 1). 
Construction. Definej:[-1, l]+[-1, l] by 
i(x)={;:t‘ :zt”:;, 
9 9 . 
We can modify our construction of the homeomorphism h on P (for f(x) =x2, 
x E I) in the obvious way to construct a homeomorphism l on P semiconjugate to 
3 Let us do that then, and denote the chains, patterns involved as we did before, 
except that we will add “-‘s” and increase link numbers as required. (We will 
therefore speak of ,&=,&-2y’+1,2y’-1] (q’=2’-‘), &j:[-2q+1,2y-1]+ 
[-2Y’+ 1,2”‘- 11, Gi = fii[-2y’+ 1, 24’- 11, 6, = Gi[O, ii], etc.) 
Define Gi: [-2q+ 1,2” -l]+ r-2”+ 1,2”- l] (q =2’, q’=2”) by 
m, if 0 G p < 2q, m is the unique integer in [0, 2q’) 
4(P) = 
1 
such that m(2q’) s p < (m + 1)2q’, 
-m, if -2y <p < 0, m is the unique integer in [0,2”‘) 
such that m(2q’) s IpI < (m + 1)2q’. 
Define p”i:[-2q+1,2y-1]-+[-29’+1,29’-1] (q=2’,q’=2’-‘) by 
1 
-m, if 0 s p < 2y, m is the unique integer in [0, 2y’) 
Pit P) = 
such that m2sp<(m+l)‘, 
m, if -2q <p 4 0, m is the unique integer in [0, 2q’) 
such that m2s)pl<(m+l)2. 
Put additional sonditions o%n the chain selections as follows: 
(1) Choose F, so that Fr=(-1,1)x(-l, 1) and for i~[-a,, a,], p(g(l, i))= 
7(1,-i) where p:(-1,1)x(-1,1)+(-1,1)x(-1,1) is defined by p(x,y)= 
(-x, -Y). 
(2) Thereafter, choose 6,, iii, di, fii, l?i (and therefore ii, ii, Fi, and 6,) so 
that they are symmetric in (-1, 1) x (-1, l), i.e., if t is the jth link of any one of 
these chains, p(t) is the (Hi -j)th (or whatever is appropriate) link of the same 
chain. (This can be done by an inductive process at each step, if we start choosing 
chains and their links at (0,O) (in the exact middle of each chain).) 
36 J. Kennedy / Homeomorphisms on pseudoarcs 
(3) For each i,=exactlyXone link, [(i, -ii), of 6, is in j(i, -ii), and exactly one 
link, [(i, gi), of G, is in f(i, a’,). (Therefore, exactly one link, h(i, -ii), of Hi is in 
e”( i, -a”,), etc.) 
If P denotes the pseudoarc in n GT = n fif, and i denotes the homeomorphism 
induced on P, 6 denotes the surjection onto [-1, l] induced, then & =f6. Now 
R(i); 9-1(-l)u&‘(l)~~~1(0), for &‘(-l)=nzi d(i, -tTi)={p_l}, k’(l)= 
nz, h(i, -&)={p,}, and i(p_,)=p,, h”(p,)=p_,. Further i16P1(0) is periodic of 
period 2. (The fixed point for h” is (0,O) = pO.) Also, p-, and p, are in different 
composants of P, and if C_, denotes the smallest continuum in P that contains p-, 
and intersects e”-‘(O), and Cl denotes the analogous continuum forp, , then 6( C-,) = 
Cl and h”(C,) = C-, . Also, without loss of generality, we may assume that each 
point of e”-‘(O) is a limit point of both I!-‘(-1, 0) and t'-'(0, 1). 
Let M={C-,, CJu{{ >I x x E P- (C, u Cl)}. Then M is an upper semicon- 
tinuous decomposition of P which is preserved by h: Let I denote the homeomorph- 
ism induced on P/M by h’, and suppose p : P+ P/M is the projection. If U = 
p(&‘(-l,O)- C-,), V=p(&)‘(O, l)- Cl), U and V are the nonempty open sets 
we wanted, and 1 is the homeomorphism we wanted. 
Theorem 3.4. If P is a pseudoarc, h E H(P), and P-o(h) consists of 2 disjoint 
nonempty open sets U and V with h ( U) = U or h ( U) = V, and M = Ml LJ M2 LJ M3, 
where 
Ml = {A 1 A is a component of 0, An U f 0}, 
M2={AIA is a component of q An V#@}, 
M,={AIA is a component of P-(Uu V), 
A # A’ for some A’ E Ml u M2}, 
then M is an upper semicontinuous decomposition of P, P = P/M = P, and h induces 
* 
a homeomorphism h^ E H( @). Further, R ( ff) = k 
Proof. Since if A E Ml, B E Mz, An B = 0 (otherwise A G B or B G A), it is not 
difficult to see that M is an upper semicontinuous decomposition. Since M is a 
decomposition of P into points and pseudoarcs, P/M = P[ B]. Also, since h must 
take wandering points to wandering points, h preserves M, and induces a homeo- 
morphism h^ on P/M = @. Note that if 8 : P + P/M denotes the projection, then 
t3h = I&. 
Suppose o is a nonempty open set in @ and {i”(o) I n E Z} is a disjoint collection 
of open sets. Then {h”(K’(o)) 1 n E Z} is a disjoint collection of open sets. But o 
contains B(p) for some p E a(h), and p E K’(o), which gives us a contradiction. 
Then h^ admits no wandering points. 0 
Theorem 3.5. IfPis apseudoarc, hEH(P) and P-fi(h)#@, and M={A(A is a 
component of 0( h)} u {{x} 1 x @ 0 (h)}, then M is an upper semicontinuous decomposi- 
tion of P, ? = P/M = P, and h induces a homeomorphism h^ E H (I;). Further, @ - 0 (6) 
A 
is dense in P. 
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Proof. It is not hard to see that M is indeed an upper semicontinuous decomposition 
of P into points and pseudoarcs, and Bing’s theorem [4] gives us that P/M = P 
Also, h preserves the members of M, so h induces a homeomorphism h^ on P/M = k 
Again, if 8 : P + P denotes the projection, $0 = Qh. 
Now B(P-O(h)) is open and nonempty in @, and O(P--n(h))=@-O(h)= 
P-0(0(h)). If o is open in @ and OG a(&), F’(o) contains a component of O(h). 
But this means it must also contain points of P - n(h), which leads to a contradiction. 
Then a(6) is nowhere dense in @. q 
Theorem 3.6. Suppose P is a pseudoarc, h E H(P), and E is a closed, nonempty nowhere 
dense subset of P such that 
(1) E separates P into nonempty disjoint open sets U and Vsuch that 
(a) h(U)= LJor h(U)= Vand 
(b) dU=aV= E, and 
(2) h(E) = E. 
LetM=M,uM,uM,, where 
M, = {A 1 A is a component of 0 and An U # @}, 
M, = {A 1 A is a component of V and An V # (d}, 
M,={AIAisacomponentofEandEnA=@forA~M,uM~}. 
Then M is an upper semicontinuous decomposition of P into points and pseudoarcs 
P = P/M = P, and h induces a homeomorphism h on @. Further, if 0 : P + P/M = P 
denotes the projection, then 60 = Oh and 8 is a monotone surjection such that 
(1) there is a dense open set in P which is mapped to a first category, F,-set under 
0, and 
(2) there is a nowhere dense closed set in P which is mapped onto P under 0. 
Proof. That M is upper semicontinuous, P = P/M = P, h induces 6 E H(P), h0 = Oh, 
and 0 is monotone follow as before. 
Consider P-E, which is dense and open in P: 
where Bi = {A E ML 1 A P Dl/i( E)}“, and Ci={AE M,IAc D,li(E)}*. Each B,(C,) 
is closed and compact, so 0( N;)( 13( C,)) is closed and compact. Also, 
Suppose O(B,) has interior for some i. Let D be open in p such that DG 0(&). 
Then K’(D) E K’( 0( Bi)) = Bi. But F’(D) must contain some points of E and 
thus some points of U, which cannot be. So 0( Bi) is nowhere dense. Likewise, 0( Ci) 
is closed and nowhere dense in 2 
Our dense open set is P-E, then, and our nowhere dense closed set is E, for 
O(E)=@. 0 
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Corollary 3.7. Suppose P is a pseudoarc and C is a Cantor set in P such that 
P - C = I/ LJ V, where U and V are nonempty disjoint open sets, and a U = a V = C. 
Then the identity 1 E H(P) and l(C) = C, so if M is the decomposition of Theorem 
2.6, P = P/M = P, 1 induces the identity 7 on 3, and if e : P + P/M is the projection, 
t?(P- C) is a first category, F,-set in P, and e(C) = fi 
Theorem 3.8. Suppose that X is a homogeneous continuum, and X admits a homeo- 
morphism h which has wandering points. If G,, = {h” 1 n E Z}, then G,, is a closed, 
Abelian, discrete, infinite subgroup of H(X). 
Proof. Since h admits wandering points, there is a nonempty open set o such that 
{h”(o) ) n E Z} is a disjoint collection of open sets of X. Suppose x E o. 
Let T,: H(X)+X denote the evaluation map, i.e., T,(k) = k(x) for ke H(X). 
Now T, is an open map (Effros’ theorem), and if $E H(H(X)) is defined by 
h”(k)=hok for kEH(X), then T,oh”=hoT,. Thus, {T,‘(h”(o))lnEZ}= 
{~“(T;‘(o))lnEZ} is a disjoint collection of open sets. Now 1 E T;‘(o) and h E 
T;‘(h(o)), h” E T,‘(h”(o)) for n E Z, so Gh c {K”( T;‘(o)) 1 n E Z}* and for each n, 
6”( T;‘(o)) contains exactly one member of G,,. Thus, Gh is infinite and discrete 
in itself, which means that it is discrete in H(X), and so closed in H(X). (This is 
because H(X) is a complete separable metric topological group.) 0 
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